We suggest that closed-loop quadratic nonlinear waveguide arrays can be used as a compact interferometrically stable integrated source of discrete orbital-angular-momentum (OAM) entangled biphoton state. We describe analytically and numerically the process of biphoton generation through spontaneous parametric down-conversion in triangular waveguide arrays, and reveal that the generated biphoton quantum states can be precisely controlled by changing the pump phase and wavelength, including the case of photon-pair generation with pure OAM.
I. INTRODUCTION
Quantum teleportation [1] [2] [3] and quantum cryptography [4, 5] are among the most attractive applications of quantum entanglement [6] , since they open the possibility of fully secure communication. The photon-pair entanglement in orbital-angular-momentum (OAM) basis was first experimentally demonstrated by Zeilinger et al. using the process of spontaneous parametric down-conversion (SPDC) [7] . Since then this topic has attracted growing attention due to the possibility of improved information transfer efficiency using this extra degree of freedom. It was also proposed that higher dimensional states using OAM may provide better security in comparison to standard quantum cryptography [8, 9] .
The implementation of OAM entanglement with dynamically changeable holograms enabled the demonstrations of Bell inequality violation [10] , spin-to-OAM transfer [11] , and quantum cloning of OAM qubits [12] . Spatial light modulators also brought several advantages to quantum cryptography, such as large scale OAM encoding [13] , entanglement between the angular position and OAM [14] , and hybrid polarization-OAM-entangled states for greater quantum cryptography speeds [15] . More exotic ideas included OAM entanglement based on Bessel beams [16, 17] and Fibonacci sequences [18] .
Traditionally, the OAM-entangled quantum states are generated through SPDC in bulk quadratically nonlinear crystals [7] . With this approach, for a single pump beam, one generally obtains a set of photon pairs, for which the sum of momenta match the pump OAM according to the conservation law. For example, for a pump beam with zero OAM, the state emitted in the process of SPDC is represented by | = P 0,0 |0,0 + P 1,−1 |1,−1 + P −1,1 |−1,1 + P 2,−2 |2,−2 + P −2,2 |−2,2 + · · ·, where P 0,0 , P 1,−1 , P −1,1 , etc., denote the corresponding probability amplitudes. To obtain a photon pair with a well defined OAM, it is necessary to prepare the pump beam with a certain OAM, and then filter out a particular photon state at the crystal output. However such optical schemes require a set of multiple optical elements and light modulators, for which interferometric stability has to be carefully controlled.
In this work we propose an integrated source of precisely controllable OAM-entangled biphoton states through SPDC in a closed-loop quadratic nonlinear waveguide array. Waveguide arrays can be fabricated in bulk crystals through femtosecond direct laser writing [19, 20] , and such photonic circuits are intrinsically interferometrically stable. It was recently predicted that one-dimensional planar arrays of nonlinear waveguides can be used to generate through SPDC the photon pairs with nonclassical spatial correlations [21, 22] , which are more pronounced with respect to the correlations achieved during the propagation of photon pairs generated externally and coupled to a linear waveguide array [23] . On the other hand, biphoton evolution in linear closed-loop waveguide arrays can demonstrate new features compared to planar propagation [24] , however the generation of photon pairs in nonlinear closed-loop waveguide arrays has not been studied so far. Here we apply the general theory of SPDC in multimode waveguides [25] and specifically waveguide arrays [21, 26] to investigate a process of SPDC in a quadratic nonlinear triangular waveguide array and show the possibility of integrated discrete OAM-entangled biphoton state generation. We emphasize the importance of unusual spatial dispersion in these structures [27] and show that it allows for precise quantum state control, including pure OAM-entanglement generation without unwanted OAM terms.
The paper is organized as follows. In Sec. II, we formulate the theory and general solutions for photon-pair generation through SPDC in triangular quadratic nonlinear waveguide arrays. In Sec. III, we show how by choosing the pump profile and phase mismatch, it is possible to perform controlled generation of biphoton discrete vortex states with fixed angular moment or in entangled superposition states. Finally, we present conclusions in Sec. IV.
II. PHOTON-PAIR GENERATION IN TRIANGULAR QUADRATIC NONLINEAR WAVEGUIDE ARRAYS
We consider a triangular array of weakly coupled optical waveguides created in media with quadratic nonlinearity, as shown schematically in Fig. 1(a) . We aim to describe the process of degenerate SPDC, where a pump beam photon spontaneously decays into a pair of identical signal and idler photons. Most commonly, at the short wavelengths of the pump beam the waveguide modes are strongly localized, such that the pump does not couple between the waveguides. However at the longer wavelengths of the down-converted photons the coupling can be essential [21] . Under such experimentally feasible conditions, the photon-pair generation in quadratic waveguide arrays can be modeled with a discrete Schrödinger equation [26] ,
Here n s ,n i is the biphoton wave function depending on two waveguide indices: for the signal photon n s and for the idler photon n i . A n is the pump amplitude in the waveguide n, d eff is an effective nonlinear coefficient, and δ is a Kronecker delta function. β (0) is the phase mismatch between the pump field and generated biphoton state in a single waveguide,
, where β p,s,i are the waveguide propagation constants of the pump, signal, and idler waves. C is a coupling coefficient between the waveguide modes for the biphotons. In triangular waveguide arrays, we have n s,i = 0,1,2, and map other index numbers as 3 → 0 and −1 → 2 according to the closed-loop boundary conditions.
To solve Eq. (1), it is convenient to first determine the linear eigenmodes of the triangular waveguide structure. For this purpose, we consider classical coupled-mode equations [28] ,
where E n is the complex field amplitude in the nth waveguide, and E 3 maps to E 0 , and E −1 maps to E 2 due to closed-loop boundary conditions. The eigenmode solutions of Eqs. (2) are E
n exp(iβ m z), where m = 0, ± 1 is the mode number, ε (m) n = exp(i2πm n/3) are the mode profiles, and β m = 2C cos(2πm/3) are the propagation constants:
n (z) represent discrete optical vortices [27] , or states with OAM due to a helical structure of their phase profiles [see Fig. 1(b) ]. Here the supermode number m corresponds to the OAM.
We now seek a solution of Eq. (1) in the supermode representation, 
and due to periodic boundary conditions we denote F m ≡ F m+3 . The solution of Eq. (5) for photon pairs generated inside the structure, which corresponds to trivial initial condition m s ,m i (0) = 0, is
The real-space solution n s ,n i (z) is then obtained by applying a transformation in Eq. (3).
We can now calculate the photon-pair correlation function,
Another useful characteristic of the biphoton state is the socalled nonclassicality calculated as [29] V n s ,n i =
3
n s ,n s n i ,n i − n s ,n i .
Positive values of V n s ,n i indicate true quantum behavior corresponding to the violation of Bell-like inequality. In order to determine the degree of entanglement of the generated biphoton state, we perform the Schmidt decomposition. The state n s ,n i has two discrete degrees of freedom (n s and n i ), and its decomposition is defined as follows [30] :
where N = 3 in our case of triangular waveguide array. The orthonormal sets of vectors ψ 
H is the conjugate transpose of V , and D is a diagonal matrix whose elements are the singular values of the matrix . These singular values give us Schmidt coefficients λ j : D jj = λ j . This decomposition was calculated numerically using standard routine from the LAPACK ++ library.
The number of nonzero Schmidt coefficients λ j in the decomposition (10) is called the Schmidt rank. In the particular case of only one nonzero Schmidt coefficient the state n s ,n i is factorized as a product of two Schmidt modes, which means that the degrees of freedom n s and n i are not entangled. When 063814-2 the Schmidt rank is more than 1, there are several nontrivial terms in Eq. (10) and the degrees of freedom are entangled.
III. CONTROLLED GENERATION OF BIPHOTON DISCRETE VORTEX STATES

A. Phase matching and selection rules for biphoton vortices
When a pump beam is launched into the triangular waveguide array with quadratic nonlinearity it can generate biphoton vortices, some of which are OAM-entangled states, through degenerate spontaneous parametric down-conversion. We summarize the possible biphoton states corresponding to the pump beams with different OAM in Table I . The left column |m p denotes a pump vortex state with orbital angular momentum m p , the central column denotes phase mismatch β 0 , and the right column |m s ,m i denotes resulting biphoton vortex states with orbital angular momenta m s and m i .
As we noted earlier and show in Table I , the pump states |1 and |−2 are equivalent due to a finite number of waveguides in the array: Their phase profiles exp(i2πn/3) and exp(−i4πn/3) are identical. Thus the pump state |1 with angular momentum 1 can generate the biphoton state |−1,−1 with angular momentum −2. Similarly, the pump state |−1 can generate the biphoton state |1,1 . Further selection of generated biphoton states can be performed by choosing a certain phase mismatch, as we discuss below.
B. Biphoton vortex states with certain angular momenta
For a number of applications, efficient generation of biphoton vortex states with certain angular momenta m s and m i is essential. To archive this outcome, first it is important to ensure the phase matching between the pump state and the desired biphoton state:
The mismatch β (0) can be adjusted to satisfy this condition by tuning the pump wavelength.
Secondly it is necessary to appropriately choose the length of the waveguide array L n to suppress the generation of a biphoton state with undesired angular momenta m s and m i from the Table I : To demonstrate the feasibility of this method we choose a pump vortex with angular momentum m p = 1, and define the other parameters as C = 1, d eff = 1. We then consider two different phase mismatches: (i) at β (0) = C the phase-matching condition in Eq. (11) is satisfied for |0,1 + |1,0 entangled biphoton state generation, and (ii) for β (0) = −2C we can generate a |−1,−1 biphoton state. We plot the dependencies of the Schmidt coefficients on the propagation distance in Figs. 2(a) and 2(d) . We also show the spatial biphoton correlations in Figs. 2(b) and 2(e) and the corresponding nonclassicality in Figs. 2(c) and 2(f) at the distance z = 2π/3, corresponding to the first suppression length (L 1 ) according to Eq. (12) . At this distance, the undesired concurrent biphoton states are fully suppressed.
The state of two photons with different angular momenta |0,1 + |1,0 has two nonzero Schmidt coefficients at z = L 1 [see Fig. 2(a) ]. This means that the degrees of freedom of signal and idler photons are entangled. The quantum nature of this state is also clear from the nonclassicality matrix V n s ,n i shown in Fig. 2 correlations in Fig. 2(e) ]. The nonclassicality matrix of this state, shown in Fig. 2(f) , does not contain positive values.
C. Superposition of biphoton vortex states
We now demonstrate how to use the proposed scheme to generate the superposition of biphoton vortices in the phasematched regime. We see from Table I , that all states can have one of three different propagation constants. By tuning the phase matching with the pump beam, and selecting the pump beam profile, it is then possible to generate any superposition of biphoton states having the same propagation constant. At the same time, the other states can be suppressed when the distance satisfies Eq. (12) .
We now illustrate the generation of the superposition of states |1,1 and |−1,−1 . Using Table I , we determine the phase-matching condition as β (0) = β −1,−1 = β 1,1 = −2C, and the pump profile as a superposition of the right and left vortices: F 1 = F −1 = 1 and F 0 = 0, i.e., A n = exp(i2πn/3) + exp(−i2πn/3) according to Eq. (4). We show in Figs. 3(a)-3(c) the evolution of the Schmidt coefficients, the biphoton correlations, and the corresponding nonclassicality at the distance z = L 1 . We see that the generated state is entangled, with the nonclassicality matrix containing positive values and two nonvanishing Schmidt coefficients.
We also demonstrate in Figs Fig. 3(d) ], i.e., it is not entangled. Indeed, although spatial correlations look nontrivial [ Fig. 3(e) ], the nonclassicality matrix does not contain positive elements [ Fig. 3(f) ].
IV. CONCLUSIONS
To conclude, we have described analytically the generation of photon pairs through SPDC in triangular quadratic nonlinear waveguide arrays. We then formulated an approach for controlled biphoton discrete vortex state generation through tailoring the pump profile and phase-matching conditions. This method allows for flexible control of quantum statistics, including efficient generation of OAM-entangled states in the regime of phase matching. As the next step, it is an interesting open problem how to apply the concept of quasi-phasematching and design the spatial modulation of the sign of the nonlinear coefficient to efficiently generate a superposition of any states. We also anticipate that our theoretical analysis will stimulate experimental studies, as the triangular waveguide arrays can be fabricated using waveguide laser writing in nonlinear crystals.
